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ABSTRACT
This paper deals with issues of  global economic growth with endogenous private wealth, 
national human capital, and global knowledge. We build a multi-country growth model with 
interactions between wealth accumulation, human capital change, and knowledge growth by 
integrating the basic economic mechanisms in a few theories. The model is framed within 
neoclassical growth theory. Human capital accumulation is based on the Uzawa-Lucas two-
sector model. Trade pattern is determined as in the Oniki-Uzawa trade model. Knowledge 
growth is influenced by new growth theory. Household behavior is modelled using Zhang’s 
concept of  disposable income and utility function. The dynamics of  the J-country world 
economy is described by 2J+1 differential equations for wealth, human capital, and knowl-
edge. We simulate the movement of  the global economy based on three economies. We also 
conduct comparative dynamic analysis to show how changes in national characteristics, such 
as propensity to save, propensity to receive education, efficiency of  applying human capital 
and creativity, shift dynamic paths of  the global and domestic economic development. 
Keywords: Growth; international trade; human capital; wealth; creativity; research policy. 
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1. IntroductIon

Modern economies are characterized of  global connections in business, shared rational 
knowledge, and widely spread education. Human capital is globally enhanced due to spread 
education. In the last hundred years knowledge has experienced fast growth due to research 
by different countries. Factor distributions between domestic sectors and national economies 
are shifted overtime. Living standards are increased globally, but in association with enlarged 
gaps. Some economies appear even relatively poorer in recent decades. All these changes 
are interrelated in a globalizing world. It is thus important to build a genuine dynamic 
general equilibrium framework to analyze these complicated interactions. The purpose of  
this paper is to build a multi-country growth model of  interactions between wealth accu-
mulation, human capital change, and knowledge growth with free trade. We examine how 
national differences in propensities to save and to receive education, national characteris-
tics in creation and utilization in human capital and knowledge affect global wealth and 
knowledge, national differences in income and wealth propensities to save, propensities to 
receive education, productivity of  human capital accumulation, human capital application 
efficiency, creativity, and knowledge utilization efficiencies. The model is constructed by 
synthesizing neoclassical growth theory, the Uzawa-Lucas two-sector growth model, the 
Oniki-Uzawa trade model, and some ideas in new growth theory with Zhang’s concept of  
disposable income and utility. 

This study treats knowledge a global public good in the sense that every country is freely 
access the global knowledge stock. Although this is a strict assumption as much knowledge, 
such as knowledge for producing nuclear powers, is protected for free access in different 
ways.  With regard to knowledge accumulation this study assumes research as a sole channel 
of  knowledge growth. Research is financially supported by national governments. There are 
many studies on endogenous knowledge and economic growth (e.g., Romer, 1986, 2019; 
Grossman and Helpman, 1991; Aghion and Howitt, 1992, 1998; Funke and Sttrulik, 2000; 
Klette and Kortum, 2004; and Kuwahara, 2019). We introduce research sectors which 
are concentrated on creating new knowledge. Knowledge is nonrival as the utilization of  
knowledge by any agent does not prevent it from being used by others. This study is similar 
with Romer’s approach, but different in that research is publicly supported in this study, 
rather than by profit-maximizing firms as in Romer’s model. It should be noted that the 
Romer model does not include endogenous human capital. A R&D-based growth model 
with endogenous human capital is proposed by Arnold (1998). The Arnold approach is an 
integration of  new growth theory and Uzawa-Lucas model. As mentioned late, this paper 
takes a different approach from Arnold’s. 

There are close interactions between knowledge and human capital. Knowledge growth 
is an important source of  education and human capital growth. Enlarged knowledge stock 
makes education more effectively. On the other hand, knowledge growth can be effectively 
conducted only with people with high human capital (e.g., Zeng, 1997; Kumar, 2003; Galor, 
2005; Tamura, 2006; Reis and Sequeira, 2007; Baldanzi et al., 2019, and Fonseca et al, 
2019). This study considers human capital accumulation is endogenous. Like in the Uzawa-
Lucas model, we consider formal education a sole channel of  accumulating human capital. 
Education sectors of  different countries are perfectly competitive and provide education 
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services with market prices. Households pay their own education. Investment in education 
has recently become a high priority in almost all developed and developing economies. 
Higher education has been fast developed and spread in many countries (Bergh and Fink, 
2009). There are many empirical studies on relations between education and income. Mincer 
(1974) finds that for white males not working on farms, an extra year of  education raises 
the earnings by about 7%. Psacharopoulos (1994) compares the rates of  return to education 
among 78 countries and identifies great differences among countries. O’Neill (1995) shows 
that among the developed economies, convergence in education levels reduce income dis-
persion; while for the world as a whole incomes diverge despite substantial convergence in 
education levels. O’Neill argues that this occurs because the rise in the return to education 
favors the developed countries at the expense of  the less developed countries. Krueger and 
Kumar (2004) analyze the differences of  education and economic development between 
US and Europe in the 1980s and 1990s. Bergh and Fink (2009) observe that there does not 
seem to be a systematic relation between the structure of  higher education and the overall 
degree income inequality. Kottaridi and Stengos (2010) examine impact of  human capital 
on economic growth. Other issues related to the role of  human capital on economy are 
examined (e.g., Liao et al., 2019; Osiobe, 2019). There are also theoretical models on con-
nections between education (Uzawa, 1965; Lucas, 1988, 2015). The Uzawa-Lucas two-sector 
model is a key model in the literature of  formal modeling growth and human capital. The 
model explains a competitive economy composed of  education and production sectors. The 
Uzawa-Lucas model is generalized in numerous studies (e.g., Jones et al. 1993; Stokey and 
Rebelo, 1995; De Hek, 2005; Chakraborty and Gupta, 2009; and Sano and Tomoda, 2010). 
This study follows this tradition in modelling human capital in a multi-country framework 
with endogenous knowledge. 

Households’ preference for education and for saving are important for sustainable economic 
growth. The basic purpose of  this study is to propose a dynamic general equilibrium model 
with interactions between wealth accumulation, human capital accumulation, knowledge 
growth, preference for receiving education and saving, and economic structural change. 
Physical capital is a determinant of  human capital accumulation and knowledge growth. On 
the other hand, physical accumulation is determined separately from knowledge growth and 
human capital accumulation. As far as decisions on saving, consumption and education are 
concerned, this study applies Zhang’s approach to household behavior (Zhang, 2005). The 
economic structure and economic production are based on neoclassical growth theory (Solow, 
1956; Swan, 1956; and Burmeister and Dobell, 1970). As far as capital mobility and trade 
are concerned, our model is based on neoclassical growth trade models. We specially refer to 
Oniki and Uzawa (1965) which examine global economic growth with capital accumulation 
and trade patterns between the two economies in a Heckscher-Ohlin model with fixed saving 
rates. It should be noted that there is a large number of  academic articles about issues related 
to this paper (e.g., Storper and Scott, 2009). For instance, Fleisher et al. (2019) empirically 
examine regional development and inequality in a growth model with endogenous human 
capital. They found that human capital positively affects output and productivity growth and 
investment in education help to reduce regional disparities in national economic development. 

The model in this study is a synthesis of  the two models by Zhang. Zhang (1993) introduces 
a research sector and endogenous knowledge to neoclassical growth theory. Zhang  (2015) 
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introduces an education sector and endogenous human capital into the Oniki and Uzawa 
(1965) trade model in neoclassical trade theory. It should be remarked that basic issues 
addressed in this model are similar with the open-economy endogenous growth model by 
Arnold (2007). The paper differs mainly in that the Arnold model examines behavior of  
household with the Dixit-Stiglitz approach, while this study bases on Zhang’s approach; 
the Arnold model considers creativity and productivity improvement by individual firms’ 
profit-maximization as in new growth theory, while this study considers human capital and 
government-supported research as the main contributors of  technological improvements; 
the Arnold model considers an open economy, while this study considers a world economy 
consisting of  multiple open economies. A further integration of  the two models should pro-
vide more insights into the complexity of  global growth with trade. The paper is organized 
as follows. Section 2 introduces the multi-country model with wealth accumulation, human 
capital accumulation, and knowledge growth. Section 3 proves some properties of  the model 
and shows the movement of  the global economy with three national economies. Section 
4 carries out comparative dynamic analysis to demonstrate how the global economy shifts 
its development paths when exogenous changes such as propensities to save, creativity, and 
propensities to receive education take place. Section 5 concludes the study.

2. the global growth model wIth research and educatIon

Funke and Strulik (2000) build an analytical formal framework to integrate the two 
separate lines of  research on growth with knowledge – the Uzawa model with education 
and the endogenous growth models. This paper deals with similar issues but with alterna-
tive approaches to household’s behavior and knowledge growth. The model is a synthesis 
of  the two models by Zhang. Zhang (1993) proposes a neoclassical growth model of  capital 
and knowledge accumulation with research sector. Knowledge is treated as a global public 
good. Zhang (2015) develops a multi-country growth model with endogenous human capital 
on the basis of  the Uzawa-Lucas model. This study considers a global economy which is 
composed of  multiple national economies, indexed by j = 1, ..., J. Each country has a fixed 
population, denoted by �j, j = 1, ..., J. Each national economy is composed one produc-
tion/industrial sector, one education sector, and one research sector. We use subscript index 
i, e, and r, respectively, to represent production, education and research sector. Let Kjm(t) 
and Njm(t) stand for, respectively, the capital stock and labor input employed by country j's 
sector m, m =  i,e,r. We use r(t) and wj(t) to denote globally equal rate of  interest and wage 
rate per unit work hour in country j. The production sector follows the neoclassical growth 
theory, especially the Solow one-sector growth model. All national economies produce a 
homogenous commodity which can be either invested or consumed. There is only one 
homogenous durable commodity in the global economy. Assets are owned by households. 
Households distribute their incomes to consume and to save. Production sectors produce 
goods with capital and labor inputs. All markets are perfectly competitive. All available input 
factors are fully utilized. Saving is undertaken only by households. All prices are measured 
in terms of  the commodity and the price of  the commodity is unity. The production sectors 
use three factor inputs, physical capital, labor, and knowledge. Capital and labor are paid at 
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their marginal rates. Knowledge is free. Education sector provides educational service with 
physical capital, labor, and knowledge as inputs. 

2.1. The total labor supply

We use Tj(t) and Tje(t) to stand for, respectively, the work time and study time of  the 
representative household, in country j. Country j's total labor supply is the total labor time 
of  the population by effective human capital:

Nj(t) = H j
mj (t)Tj(t)�j (1)

where Hj(t) is the level of  human capital in country j and mj is the representative household  
j's efficiency of  applying human capital.

2.2. Production functions and marginal conditions of production sectors

In this study, we assume that knowledge stock Z(t) is a pure public good in the sense that 
everyone is freely access to it and no one is excluded to fully use it when someone uses it. 
The production functions Fj(t) of  production sectors are taken on the following form:

( ) ( ) ( ) ( ), , , , ,F t A Z t K t N t A 0 1j j
m

ji ji ji ji ji ji ji
ji ji ji

2a b a b= + =a b
 (2)

in which Aji, αji and βji are positive parameters. Here, the parameter mji is called the produc-
tion sector j's knowledge utilization efficiency parameter. For any individual firm rate of  
interest, wage rate, and prices are exogenously given. Production sector j chooses Kji(t) and  
Nji(t) to maximize its profit. The marginal conditions imply: 

r(t) + βjk =              ,  wj(t) =               ,  j = 1,2, (3)

where τj is the fixed tax rate on production sector j and �j ≡ 1– τj.

2.3. The current income and disposable income

We use τjw and τjk to represent, respectively, the fixed tax rate on wage income and the 
fixed tax rate on consumption, and �jw ≡ 1 – τjw and �jw ≡ 1 – τjw in country j. The repre-
sentative household’s current income yj(t) from the interest payment �jkr(t)�j(t) and the wage 
payment �jwHmj(t)Tj(t)wj(t) is: 

yj(t) = �jkr(t)�j(t) + �jwHj
mj(t)Tj(t)wj(t). (4)

αji�jFji(t)

  Kji(t)

βji�jFji(t)

  Nji(t)
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The total value of  wealth is �j(t). Suppose that the household can use this amount to 
purchase goods and to save. The representative household’s disposable income ŷj(t) is the 
sum of  the current income and the value of  wealth: 

ŷj(t) = ȳj(t) + �j(t). (5)

The disposable income is distributed between expenditures on saving, consuming, and 
receiving education. 

2.4. The budget and utility function

We use pj(t) to stand for per unit price of  education service in country j. Following the 
approach to household behavior by Zhang (2005), we use a utility function to describe how 
the representative household rationally chooses how much to save sj(t) how many hours to 
receive education Tje(t), and how much to consume cj(t). Let τjc stand for the fixed tax rate 
on consumption and τjc ≡ 1 + τjc in country  We have the following budget constraint:

τjccj(t) + sj(t) + pj(t)Tje(t) = ŷj(t). (6)

Each one is faced with the time constraint:

Tj(t) + Tje(t) = T0, (7)

where T0 is the available time for work and study for any people. For simplicity of  analysis, 
this study does not take account of  leisure time. As shown in Zhang (2005), it is straight-
forward to include leisure time in the model. Inserting (7) in the definition of  ŷj(t) implies: 

ŷj(t) ≡ ȳj(t) – �jwHmj(t)Tje(t)wj(t), (8)

where 

ȳj(t) ≡ (1 + �jkr(t))�j(t) + �jwHmj(t)T0wj(t).

Substituting (8) into (6) produces:

τjccj(t) + sj(t) + �j(t)Tje(t) = ȳj(t), (9)

where 

�j(t) ≡ pj(t) + �jwHmj(t)wj(t).

~

~
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The right-hand side of  (9) means the “potential” income that the household gets when 
the household spends all the available time on work. The left-hand side is the sum of  the 
total cost of  consumption, saving and opportunity cost of  education. Following Zhang (2015), 
we specify the representative household’s utility function as follows:

Uj(t) = cj
ξ0j(t)sj

λ0j(t)Te
η0j(t), (10)

where ξ0j is called the propensity to consume, λ0j the propensity to own wealth, and η0j the 
propensity to receive education. The household takes account of  future by his preference. 
It is possible to make the propensities (which are assumed to be constant in this study to be 
endogenous in my framework (Zhang, 2005, 2020).

2.5. Optimal decision

The household maximizes Uj(t) subject to (9). The first-order conditions imply: 

cj(t) = ξjȳj(t),  sj(t) = λj ȳj(t),  �j(t)Tje(t) = ηjȳj(t), (11)

where

ξj ≡         ,  λj ≡ ρjλj0,  ηj ≡ ρjηj0,  ρj =                      .

2.6. Wealth accumulation

The change in wealth is saving minus dissaving. The definitions of  �j(t) and sj(t) imply: 

�j(t) = sj(t) – �j(t). (12)

2.7 The education sector

As in Zhang (2015), we assume that education is perfectly competitive. The student in 
country j pays the education fee pj(t) per unit of  time. The education sector use capital input, 
labor input and knowledge to supply education service. The production functions Fje(t) of  
the education sectors are taken on the following form:

Fje(t) =                               ,  mje ≥ 0,  αje, βje > 0,  αje + βje = 1, (13)

where Aje, αje and βje are positive parameters. There are some studies on production func-
tions of  human capital (e.g., Attanasio et al., 2009). The parameter mje is the efficiency of  
knowledge utilization by country j's education sector. The education sector pays teachers and 

ρjξj0

τjc
~

1

ξj0 + λj0 + ηj0

( ) ( ) ( )A Z t K t N tje
m

je je
je je jea b



Notas EcoNómicas

Julho '21 (75-98)

82

capital with market rates. The total cost of  the education sector is wj(t)Nje(t) + (r(t) + δjk)Kje(t). 
The marginal conditions imply: 

rj(t) + δjk =                 ,  wj(t) =                  . (14)

2.8. Accumulation of human capital 

We follow Uzawa (1965) in modelling human capital accumulation. We apply a general-
ized Uzawa’s human capital accumulation as follows

Ḣj(t) =                                                         – δjhHj(t), (15)

where δjh(> 0) is the depreciation rate of  human capital in country j, υje, mjh, aje, and bje are 
non-negative parameters. The sign of  πje may be negative or positive. The equation implies 
that human capital rises in education service per unit time, Fje(t)/Tje(t)�j, and in the (qualified) 
total study time, (Hmj(t)Tje(t))

bje. The term 1/Hπje implies that learning through education may 
exhibit increasing returns to scale in the case of  πje < 0 or decreasing returns to scale in the 
case of  πje > 0. The household decides the investment in education which is dependent on 
wages, and wages are related to human capital. Hence, investment in education is determined 
by the current human capital and (exogenous) preference for receiving education. Equation 
(15) moves human capital and thus affects wage rate. 

2.9. Knowledge creation

This study assumes that knowledge growth is through research. We assume that knowledge 
stock rises in the past knowledge stock, labor input and capital input. As in Zhang (1992), 
knowledge changes according to the following equation:

�(t) =                                    – δzZ(t), (16)

in which δz (≥ 0) is the depreciation rate of  knowledge, and α0jr and β0jr are positive pa-
rameters. Diebolt and Hippe (2019) make an empirical study on long-run interdependence 
between regional human capital, innovation, and regional economic development. Using 
the data from the 19th and 20th century, they show that past regional human capital is an 
important determinant for regional disparities in innovation and economic development. It 
should be noted that Capolupo (2009) provide some empirical evidence on new growth theory.   

αjepj(t)Fje(t)

Fje(t)

βjepj(t)Fje(t)

Nje(t)

υjeZmjh(t)(Fje(t)/Tje(t)�j)
aje (Hmj(t)Tje(t))

bje

Hπje(t)

( ) ( ) ( )v Z t K t N tjr
j

J
m

jr jr
1

jr jr jr0 0a b

=

/
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2.10. The optimal research with the government budget 

The governments are sole financial supporters of  the research sectors. The governments 
collect taxes to support their own research sectors. Country j's government receives the fol-
lowing tax income Yjp(t):

Yjp(t) = τjFj(t) + τjccj(t)�j + τjkr(t)�j(t)�j + τjwHj
mj(t)T0�jwj(t). (17)

The budget constraint for the research sector is:

(r(t) + δjk)Kjr(t) + wj(t)Njr(t) = Yjp(t). (18)

The total capital cost for the research sector is (r(t) + δjk)Kjr(t) and the total labor cost 
is  wj(t)Njr(t). The government spends the total budget on supporting research in such a way

that the total research output ( ) ( ) ( )v Z t K t N tjr
m

jr jr
jr jr jr0 0a b  be maximized. The research sector is 

effective in the sense that it maximizes research output subject to its budget. The problem 
is as follows:

Max                                 ,

subject to (18). The marginal conditions imply: 

(r(t) + δjk)Kjr(t) = αjrYjp(t),  wj(t)Njr(t) = βjrYjp(t), (19)

where

αjr ≡                 , βjr ≡                 .

2.11. Demand and supply in national education market

The total demand for education service in country j is Tje(t)�. The demand and supply 
for education balances at any point in time:

Tje(t)� = Fje(t). (20)

2.12. Full employment of national labor and capital

The national physical capital Kj(t) and national labor force Nj(t) are fully employed by 
the three sectors:

Kj(t) + Kje(t) + Kjr(t) = Kj(t),  Nji(t) + Nje(t) + Njr(t) = Nj(t). (21)

( ) ( ) ( )v Z t K t N tjr
m

jr jr
jr jr jr0 0a b

α0jr

α0jr + β0jr

α0jr

α0jr + β0jr
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2.13. Global physical capital being fully employed

The global physical capital K(t) is the sum of  capital stocks employed by all the national 
economies. We thus have: 

j

J

1=

/Kj(t) = K(t). (22)

2.14. Wealth is owned by households 

Nation j's value of  wealth �j(t) is the sum of  its people’s value of  wealth:

�j(t) = �j(t)�j (23)

2.15. Global wealth equals the sum of national wealth 

j

J

1=

/ �j(t) = K(t). (24)

We constructed a dynamic general equilibrium model with endogenous wealth, human 
capital and knowledge for a global economy which is composed of  any number of  national 
economies. Markets are perfectly competitive. The model is built on the basis of  some main 
ideas in economic growth theory. Structurally it includes some models as special cases. For 
instance, if  we fix human capital and knowledge and national economies are identical, our 
model is structurally similar to the neoclassical growth models by Solow (1956), Uzawa 
(1961). Our model is similar to the Uzawa-Lucas model if  we fix knowledge and assume 
identical national economies (Uzawa, 1965; Lucas, 1988). If  human capital is fixed, it is by 
the Zhang’s model of  knowledge growth with research (Zhang, 1993). If  human capital and 
knowledge are fixed, our model is similar to the Oniki-Uzawa model. 
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3. global economIc dynamIcs

We first show that in general case the dynamics of  the world economy can be expressed 
by a 2J + 1 dimensional differential equations system. We introduce a new variable z1(t):

z1(t) ≡                 ,  (Hj(t)) ≡ (H1(t), ... , Hj(t)),  {�j(t)} ≡ (�1(t), ... , �j(t)).

3.1. Lemma

The dynamics of  the world economy is governed by the following 2J + 1 differential 
equations with z1(t), Z(t), (Hj(t)) and {�j(t)} as the variables:

ż1(t) = Ωz(z1(t), Z(t), (Hj(t)), {�j(t)})

�j(t) = Ωjk(z1(t), Z(t), (Hj(t)), {�j(t)}),  j = 2,,J,

Ḣj(t) = ΩjH(z1(t), Z(t), (Hj(t)), {�j(t)}),  j = 1,,J,

Ż(t) = Ωz(z1(t), Z(t), (Hj(t)), {�j(t)}), (25)

in which functions Ωjx(t) are uniquely determined by variables z1(t), Z(t), {�j(t)} and (Hj(t)), as 
shown in the Appendix. For any given solution z1(t), Z(t), {�j(t)} all the other variables are 
uniquely determined by the following procedure: r(t) by (A2) → zj(t) by (A7) → wj(t) by (A4) 
→ pj(t) by (A5) → �1(t) by (A19) → kj(t) by (A16) → Nj(t) by (A15) → Nje(t) by (A13) → Nji(t) 
by (A12) → Njr(t) by (A11) → Kjm(t), m = i, s, r, by (A1) Fje(t) by (13) → ȳj(t) by (8) → cj(t), sj(t), 
Tje(t) by (11) → Tj(t) = T0 – Tje(t) → Fj(t) by (A13).

We found the dynamic equations for following movement of  the global economy. The 
system is nonlinear and contains many equations. It is difficult to provide general analyti-
cal solutions. Nevertheless, we can follow the movement with proper initial conditions. We 
simulate the model to illustrate the properties of  the dynamic system. We choose T0 = 1 
and δz = 0.02. We specify the other parameters as follows:

r(t) + δ1k

w1(t)
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Country 1, 2 and 3's populations are respectively 5, 30, and 50. Country 1 has the 
smallest. Country 1, 2 and 3's total  factor productivities of  the production and education 
sectors rank from high to low. Country 1, 2 and 3's efficiencies of  applying human capital 
mj are respectively 0.45, 0.4 and 0.45. Country 1 applies human capital mostly effectively; 
country 2 next and country 3 lest effectively. We specify the values of  the parameters aji in 
the Cobb-Douglas productions approximately equal to 0.3. The tax rates are fixed lowly 
from 1 percent to 3 percent. Depreciation rates of  physical capital and human capital vary 
between countries and between 4 percent and 7 percent. The returns to scale parameters 
in research are all positive, which implies that knowledge accumulation exhibits decreasing 
returns to scale. We plot the motion of  the system with the following initial conditions:

z1(0) = 0.0001,  H1(0) = 62,  H2(0) = 26,  H2(0) = 12,  �2(0) = 25500,  �3(0) = 15100, 
Z(0) = 15100.

It should be noted that the choice can be at any point. The choice has no impact on 
the stability of  the equilibrium. The system starts not far from its long-term equilibrium 
and approaches to its equilibrium in the long term. Before the system approaches its 

 (26)
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equilibrium point, the global wealth and knowledge stock rises and then falls. The global 
income falls over time. As the system starts not far from the equilibrium point, most the 
variables change slightly over time. 

Figure 1: The motion of  the global economy

In Figure 1, the national output of  country j is given by Yj(t) = Fj(t) + pj(t)Fje(t). Our re-
sults provide some insights into issues related to convergence. As economic theory lacks a 
proper analytical framework to discuss global economic growth, discussions about income 
convergence are often based on results from analyzing growth models developed for closed 
economies. A well-mentioned insight from the well-known Solow model is that convergence 
in income levels between closed countries is achieved by faster accumulation of  physical 
capital in poorer countries. As shown in Figure 1, different countries will not experience 
convergence in per capita income, consumption and wealth in the long term as they are 
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different in preferences and total productivities. In another well-accepted approach is by 
Tamura (1991, pp. 522-523) who concludes that: “Income convergence arises from human 
capital convergence … Individuals with below-average human capital agents gain dispro-
portionately by the external effect compared with above-average human capital agents. … 
Convergence arises because below–average human capital agents gain the most from learn-
ing”. Tamura’s approach neglects depreciation of  human capital. Accordingly, it is possible 
for a below-average human capital agent catches up in the long term as the above-average 
human capital agents will slow down human capital accumulation. It is straightforward to 
confirm that the dynamic system has an equilibrium point as follows:

 (27)
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It is straightforward to calculate the seven eigenvalues at the equilibrium point as follows

–0.173, –0.169 ± 0.001, –0.079, –0.07, –0.065, –0.012.

We see that the equilibrium is locally stable. This implies that if  we start with different 
initial states not far away from the equilibrium point, the system approaches to the equilib-
rium point in the long term. 

4. comParatIve dynamIc analysIs 

The previous sector plotted the movement of  the global economy. It is important to ask 
questions such as how changes in one country’s conditions will affect the global economy 
and different countries. This section conducts comparative dynamic analysis.

4.1. A rise in country 1’s creativity 

First, we study how the global economy is affected if  country 1’s creativity rises in the 
following way: νi: 0.55 to 0.58. The rise of  creativity augments the knowledge stock which 
is freely available to all the economies. The global wealth and income are enhanced. The 
national incomes of, national wealth of, capital stocks employed by the three national 
economies are all enhanced. Country 1’s trade balance is deteriorated and the other two 
national economies’ trade balances are improved. The human capital levels, labor forces 
and government’s tax incomes are all increased. The three sectors expand in the long term. 
The rate of  interest and wage rates rise. The households spend on consumption and have 
more wealth. We conclude that the global economy and the national economies benefit 
from the rise of  creativity. 

4.2. A rise in country 1’s efficiency of applying human capital 

We now examine how the global economy is affected if  country 1’s efficiency of  apply-
ing human capital is enhanced in the following way: m1: 0.45 to 0.47. The rise of  creativity 
augments the knowledge stock which is freely available to all the economies. The global 
wealth and income are enhanced. The national incomes of, national wealth of, capital stocks 
employed by the three national economies are all enhanced. Country 1’s trade balance 
deteriorates, and the other two national economies’ trade balances are improved. The hu-
man capital levels, labor forces and government’s tax incomes are all increased. The three 
sectors expand in the long term. The rate of  interest and wage rates rise. The households 
spend on consumption and have more wealth. We conclude that the global economy and the 
national economies benefit from the rise of  creativity. We see that the change directions of  
the variables due to the rise in efficiency of  applying human capital are the same as those 
due to the rise in creativity. The main difference is that the change in the creativity enlarge 
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the gaps of  income and wealth between country 1 and the other two countries more than 
the rise in the efficiency of  applying human capital. 

4.3. A rise in country 1’s tax rate on its production sector

We now study how the global economy is affected if  country 1’s tax rate on the production 
sector’s output is increased as follows: τi: 0.03 to 0.035. The rise of  the tax rate increases 
the research sector’s expenditure. The knowledge stock rises due to more research carried 
out by country 1. The other two economies also spend mote tax income on research. The 
global wealth and income are enhanced. The national incomes of, national wealth of, capital 
stocks employed by the three national economies are all enhanced. Country 1’s trade balance 
is improved initially and deteriorated in the long term. The other two national economies’ 
trade balances are deteriorated initially and improved in the long term. The human capital 
levels, labor forces and government’s tax incomes are all increased in the long term. The 
three sectors expand in the long term. The rate of  interest falls initially and rises in the long 
term. Wage rates rise in the long term. The households spend on consumption and have 
more wealth in the long term. 

4.4. A rise in country 1’s propensity to receive education 

Different countries and cultures exhibit different propensities to receive education. For 
instance, China might sustain economic development mainly due to Chinese culture’s em-
phasis on education and due to huge modern knowledge stock mainly created in Western 
cultural environment. It is reasonable to argue that China’s fast growth in the last three 
decades is due to its high propensity to save, high propensity to receive education and easy 
access to global markets. We now provide some general insights into possible impact of  the 
propensity to receive education on national as well as global economic growth. We now 
study what happen to the global economy if  country 1’s household increases the propensity 
to receive education as follows: η01: 0.015 to 0.016. Country 1’s representative household 
spends more hours on education, while the education time are slightly affected. Country 
1’s human capital is enhanced, while the other two economies’ human capital are slightly 
affected. The knowledge stock, global wealth and global output fall initially and rise in the 
long term. Country 1’s trade balance is deteriorated and the other two national economies’ 
trade balances are improved. The households in all the economies spend more and have 
more wealth in the long term. It should be noted that the rise in country 1’s propensity 
to receive education bring benefits to all economies mainly because the country has high 
creativity in knowledge. A high propensity to receive education brings about higher human 
capital which will leads to higher tax income in the long term. Higher tax income expands 
the research sector, which results in increases in knowledge. The increase in knowledge stock 
enables every economy to benefit.
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4.5. A rise in country 1’s propensity to save

We now study what happen to the global economy if  country 1’s household increases 
the propensity to save as follows: λ01: 0.5 to 0.51. The global wealth and income are aug-
mented. The national incomes of, national wealth of, capital stocks employed by the three 
national economies are all enhanced. Country 1’s trade balance is improved and the other 
two national economies’ trade balances are deteriorated. Country 1’s human capital is 
enhanced and the other two countries’ human capital levels are lowered. The labor forces 
and government’s tax incomes are all increased in the long term. The economic structural 
changes are illustrated in the figure. The rate of  interest falls. The wage rates rise. The 
households spend on consumption and have more wealth in the long term. 

4.6. A rise in country 3’s population

There are different opinions about relations between population and economic growth. 
In the literature of  theoretical economic growth with endogenous human capital there 
are situation-dependent interactions between population and economic growth. We now 
examine effects of  population growth on the world and national economies. We increase 
country 3’s population as follows: �3: 50 to 52. In this knowledge-based economy the rise 
in the population augment countries 1’s and 2’s per household wealth and consumption. 
Although countries 3’s per household wealth and consumption fall, the variables rise in the 
long term. The personal education hours of  the three economies fall. The global wealth, 
global income and knowledge are all increased. Country 3’s trade balance is improved. 
The other two economies’ trade balances are deteriorated. Country 3’s macroeconomic 
variables are increased.

5. conclusIons

This paper built a global growth model with endogenous saving, human capital and 
knowledge. It deals with the effects of  national differences in the propensities to save and to 
receive education, and creativities and knowledge utilization efficiencies in human capital and 
knowledge on the global economic growth and national income and wealth distributions. It 
synthesized the Solow growth model, the Uzawa-Lucas two-sector growth model, the Oniki-
Uzawa trade model, and Zhang’s trade model with research. Knowledge, human capital, 
and wealth are endogenously determined according to different economic mechanisms. After 
building the multi-country model, we showed that the dynamics of  the world economy is 
described differential equations. We simulated the movement of  the global economy with 
three economies. We also conducted comparative dynamic analysis to show how changes 
in national characteristics as propensities to save wealth, propensities to receive education, 
efficiency of  applying human capital, and creativities shift dynamic paths of  the global and 
national economic development.
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aPPendIx: ProvIng the lemma

By (3), (14) and (19) we obtain:

zj ≡             =            ,  j = 1, J,  m = i, s, e, (A1)

where

βjm ≡            , m = i, e, r.

From (A1) and (4), we obtain:

r(Z, zj) = αjZ
mjizj

βji – δjk,  j = 1, ... , J, (A2)

where αj ≡ αji τj Aji 
β

ji
jib

. From (A2) we have: 

zj(Z, z1) =                                   
1/βji

,  j = 2, ... , J. (A3)

Equations (A1) imply

wj(Z, z1) =            , (A4) 

From (6) we have:

pj = .
A Z

w zj

je je
m

je j
je

je je

b

b
a a

From (A1) and (2), we have:

Nji

βji

 +       +       = zjKj, Nji + Nje + Njr = Nj. (A6)

r + δjk

wj

Njm

βjmKjm

βjm

αjm

α1Zm1iz1
β1i – δ1k + δjk

αjZ
mji( )

r + δjk

zj

Nje

βje

Njr

βjr
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From (14), we have:

Fje =             . (A7)

Insert (11) and (A7) in (20)

Nje = nj0 – nj1Nj, (A8)

where we use (1), (7), and 

nj0(Hj, zj, Z) ≡                 ,  nj1(Hj, zj, Z) ≡               .

From (2) and (A1) we have:

Fj = .
z

A N Z

je j

ji ji
m

ji ji

ji

b
a a  (A9)

From (8) and (11) we have:

cj = (1 + �jkr)ξj�j + �jwξjHj
mjT0wj. (A10)

From (17) and (19), we have:

Njr = wj0 + wj1�j + wj2Nji, (A11)

where we apply (A9) and (A10) and 

wj0 ≡ (�jwτjcξj + τjw)�jβjrHj
mjT0,  wj1 ≡ �(1 + �jkr)τjcξj + τjkr� 

wj2 ≡        

Insert (A11) in (A5)

Nji +             +                    +          ,  (1 + wj2)Nji + Nje + wj0 + wj1�j = Nj, (A12)

wjNje

βjepj

βjepjT0�j

wj

βjepj

wjH
mj

βjr�j

wj

βjr

wj
.

z

A Z

ji j

j ji
m

ji ji

ji

b

x
a a

Nje

wj3βje

zjKj

wj3

wj0 + wj1�j

wj3βjr
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where 

wj3 ≡        +      .

From (A12) 

ῶj0Kj –                                            + ῶjNje + wj0 + wj1�j = Nj, (A13)

where

ῶj0 ≡                 ,  ῶj ≡ 1 – 

Insert (A8) in (A13)

ῶj0Kj –                                            + ῶjnj0 + wj0 + wj1�j = (1 + ῶjnj1)Nj. (A14)

From (8) and (11) we have:

Nj = �j0 – �j1�j, (A15)

where we use (7) and 

�j0 ≡ �1 –                  �T0�jHj
mj,  �j1 ≡                               .

Insert (A15) in (A14):

Kj = mj0 + mj1�j, (A16)

where 

mj0 ≡ �(1 + wjnj1)nj0 +                     – wjnj0 – wj0�        ,

mj1 ≡ �                    – (1 + wjnj1)nj1 – wj1�        .

Nji

βji

wj2

βjr

(1 + wj2)wj0 + (1 + wj2)wj1�j

wj3βjr

(1 + wj2)wj0 + (1 + wj2)wj1�j

wj3βjr

(1 + wj2)zj

wj3

(1 + wj2)

wj3βje

τjwηjHj
mjwj

�j

(1 + τjkr)ηj�jHj
mj

�j

(1 + wj2)wj0

wj3βjr

(1 + wj2)wj1

wj3βjr

1

wj0

1

wj0



Wei-Bin Zhang

Global KnowledGe and wealth 
with national human Capital  

and Free trade

95

Adding equations (16) yields 

j

J

1=

/ Kj = m0 +     mj1�j, (A17)

where 

m0 =     mj0.

From (22)-(24) and (A17), we have

j

J

1=

/ �j�j = m0 + 
j

J

1=

/ mj1�j, (A18)

Solve (A18):

�1(z1, Z, (Hj), {�j}) = �m0 – 
j

J

2=

/ (�j – mj1)�j�(�j – mj1)-1. (A19)

We determine all the variables as functions of  z1, Z, (Hj) and {�j}: r by (A2) → zj by (A7) 
→ w by (A4) → p by (A5) → �1 by (A19) → Kj by (A16) → Nj by (A15) → Nje by (A13) → Nji 
by (A12) → Njr by (A11) → Kjm, m = i, s, r, by (A1) → Fje by (13) → ȳj by (8) → cj, sj, Tje by (11) 
→ Tj = T0 – Tje → Fj by (A13). From the procedure, (12), (15) and (16) we have

�1 = Ω0(z1, Z, (Hj), {�j}), (A20)

�j = Ωjk(z1, Z, (Hj), {�j}),  j = 2,,J,

Ḣj = ΩjH(z1, Z, (Hj), {�j}),  j = 1,,J,

Ż = Ωz(z1, Z, (Hj), {�j}). (A21)

Taking derivatives of  (A19) with respect to time yields:

�1 = 
Ə�1

Əz1
ż1 + 

j

J

1=

/ ΩjH           + 
j

J

2=

/ Ωjk           + Ωz        , (A22)

j

J

1=

/

j

J

1=

/

Ə�1

ƏHj

Ə�1

Ə�j

Ə�1

ƏZ
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where we use (A21). From (A20) and (A22) we solve:

ż1 = Ω1k(z1, Z, (Hj), {�j})

≡ �Ω0 – 
j

J

1=

/ ΩjH

Ə�1

ƏHj

 – 
j

J

2=

/ Ωjk

Ə�1

Ə�j

 + Ωz

Ə�1

ƏZ
��

Ə�1

Əz1

�
–1

. (A23)

We thus checked the Lemma.
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